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Orbital angular momentum

Consider a particle of mass m, and momentum p and position vector 7. In classical

mechanics, the particle’s orbital angular momentum is given by a vector L, defined by
L=%xp

This vector points in a direction that is perpendicular to the plain containing # and p,

and has a magnitude L = rp sino. , where a is the angle between 7 and p . In Cartesian

coordinates, the components of L are

L, =yp, — Zpy
Ly =zp,—xp,
L,= XPy —YDx

The corresponding QM operators representing Ly, L,,, L, are obtained by replacing

X, Y, Z and py, py, p, With corresponding QM operators, giving
] ]

Lx = —ih (y; —Z ﬂ)
| 9 _ 9
L, =—ih (Z E X )
Lx = —ih (XE -y a)
In more compact form, this can be written as a Vector operator
L=—ih(F xV)
It is easy to prove that L is Hermitian.

Anqular momentum Algebra

Using the commutation relations derived for 7" and p , the commutation relation for
different components of L are readily derived.

[Lx ’ Ly 1= [(sz - Zpy)l ZDx — XPz ]
=[Ypz, 205 1+ [ 2Dy, X 1 + [yPz , X0z 1 + [ 2Dy, 2Dy ]
Since y and p, commute with each other and with z and p,, the first term becomes

YDz, 20x 1= YD22ZDx - 2DxYP; = YPx [Pz 2] =— ih yp,
Similarly the second commutator becomes

[zpy, Xpz | = ZDyXD,— XPoZDy = %Py [2,p, ] = iliXp,

The third ans forth commutator vanishes , thus we find that
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[ Ly, Ly ]=ih [xp, —ypy] =ihL,
Similarly we can show that

[Ly,,L,]=ihL,
[Ly, Ly ] =ihLy,

The three equations are similar to the relation
L x L=ihL
The fact that the operators representing the different components of the angular
momentum do not commute, implies it is impossible to obtain definite values for all
component of the angular momentum when measured simultaneously. This means
that if the system is in eigenstate of one component of angular momentum, it will in

general will not be an eigenstate of either of the other two components.

Commutation Relations

1L[%,L,]1=[%, yp, — zp, ]
=[x,yp,]1 —[%X,zp,]
=0

Ay.Ly1=0

.[z,L,]1=0

A W N

Ay, Lyl=1y,yp, —zpy ]
=1y, yp.l — [y, 2zp,]
=—z[y.p, ]
= —ihz

5[L,,y]l=ihz

6.[Lyz] =ihx

7.[ L, x ]=ihy

8. [Pxs Ly 1=[Px,yYP: — 2Dy ]
=0

9.[py,L,]=0

10.[p,, L,1=0
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11. [px, Ly =[Px, 2Dx—xP; ]
=—[Px,x]1p,
=ihp,
12.[py, L, ] =ihp,
13.[p,,L,] =ihp,
14.[ Ly LyL,]=[Ly Ly]L, + L,[L,L,]
=ihL,L, + L,ihL,
=ih [ L% + L?
15. [ L%, y1=[LyLy, y]
=[Ly,yILy+Ly[Ly,vy]
=ihzL, +ihL,z

y]

=ih[zLy+L,z]

Raising operator and lowering operator

The operator L, is called raising operator and L_ is known as lowering operator.
Ly=L,+il,
AlsoL, |[lm)=C, [l m+ 1)

L_=L,—il,
L_|lm)=C_|lm—-1)
(Ly)*=L_
(L-)* =L,

Commutation relation
L[LyLy]=[Ly+iLy, L]

=[LyLy] + i[Ly,Ly]

=0+ix-ihL,

=hL,
2.[L_, Ly =ihL,
3.[L,,L_]=2hlL,
4.[L,,L,]1=-hL,
5.L,L_=L?-L%,+hL,
6.L_L,=L%-1%,-hL,






