
 

 

NUMBER THEORY 

Fundamental Principle of Counting 

If an operation can be performed in 𝑚 ways, following which another operation can be 

performed in 𝑛 ways, then, the two operations can be performed together 𝑚𝑛 ways  

GCD of two positive integers 

Let 𝑎, 𝑏 ∈ ℕ, then the greatest common divisor of 𝑎 and 𝑏 is denoted by gcd(𝑎, 𝑏) or (𝑎, 𝑏) 

Note 

1. If (𝑎, 𝑏) = 1, then we say 𝑎 and 𝑏 are relatively prime numbers  

2. Let (𝑎, 𝑏) = 𝑑, then the equation 𝑎𝑥 + 𝑏𝑦 = 𝑑, 𝑥, 𝑦 ∈ ℤ has at least one solution. If 

(𝑥1, 𝑦1) is a solution to the equation, then (𝑥1 +
𝑏

𝑑
𝑘, 𝑦1 −

𝑎

𝑑
𝑘) is also a solution for 

any 𝑘 ∈ ℤ 

3. The least number of the of the set {𝑎𝑥 + 𝑏𝑦 ∶ 𝑥, 𝑦 ∈ ℤ} is 𝑑 

Fermat’s Number 

Let 𝑛 ∈ ℕ ∪ {0}, then Fermat’s number is given by 𝐹𝑛 = 22𝑛
+ 1 

1. 𝐹𝑛 is odd ∀𝑛 

2. 𝐹𝑛 is not a perfect square for every 𝑛 

3. For 𝑛 ≥ 2, the unit digit of 𝐹𝑛 is 7. ie, 𝐹𝑛 ≡ 7 (𝑚𝑜𝑑 10) for 𝑛 ≥ 2 

4. For 𝑛 ≥ 1, 𝐹𝑛 + 1 is divisible by 6 

5. For 𝑛 ≥ 1, 𝐹𝑛 = (𝐹𝑛−1 − 1)2 + 1 

6. If 𝑚 ≠ 𝑛, gcd(𝐹𝑛 , 𝐹𝑚) = 1 

7. If 2𝑛 + 1 is a prime then 𝑛 is power of 2 

Fundamental Theorem of Arithmetic  

Every composite number can be factorized as a product of primes, and this factorization is 

unique, apart from the order in which the prime factors occur 

𝑛 = 𝑝1
𝑛1𝑝2

𝑛2𝑝3
𝑛3 … 𝑝𝑟

𝑛𝑟  

Where 𝑝𝑖’s are distinct primes and 𝑛𝑖 ≥ 1 ∀𝑖 

Euclidean Lemma 

Any positive integer is either a prime or a product of primes. Let 𝑛 ∈ ℕ, then 𝑛 can be 

expressed as  

𝑛 = 𝑝1
𝑛1𝑝2

𝑛2𝑝3
𝑛3 … 𝑝𝑟

𝑛𝑟  

Where 𝑝𝑖’s are distinct primes and 𝑛𝑖 ≥ 1 ∀𝑖 



 

 

Special functions define on ℕ 

Let 𝑛 ∈ ℕ, 𝑛 = 𝑝1
𝑛1𝑝2

𝑛2𝑝3
𝑛3 … 𝑝𝑟

𝑛𝑟  

• 𝑑(𝑛) is the number of positive divisors of 𝑛 

𝑑(𝑛) = (𝑛1 + 1)(𝑛2 + 1) … (𝑛𝑟 + 1) 

 𝑑(𝑛) is odd iff 𝑛 is a perfect square 

 

• 𝜎(𝑛) is the sum of divisors of 𝑛  

𝜎(𝑛) =
𝑝1

𝑛1+1
− 1

𝑝1 − 1
 
𝑝2

𝑛2+1
− 1

𝑝2 − 1
… 

𝑝𝑟
𝑛𝑟+1

− 1

𝑝𝑟 − 1
 

𝜎(𝑛) = (1 + 𝑝1 + 𝑝1
2 + ⋯ + 𝑝1

𝑛1) (1 + 𝑝2 + 𝑝2
2 … + 𝑝2

𝑛2) … 

(1 + 𝑝𝑟 + 𝑝𝑟
2 + ⋯ + 𝑝𝑟

𝑛𝑟) 

Result  

• Let   𝑛 ∈ ℕ and 𝑝 be a prime such that 𝑝 < 𝑛, then the exponent of 𝑝 (number of 

𝑝’s) in 𝑛! is  

[
𝑛

𝑝
] + [

𝑛

𝑝2
] + [

𝑚

𝑝3
] + ⋯ 

• The number of zeros at the end of 𝑛! is 

[
𝑛

5
] + [

𝑛

52
] + ⋯ 

 This is also equal to no. of 5’s and no. of 10’s in 𝑛! 

Euler’s Totient Function  

𝜙(𝑛) is the number of positive integers ≤ 𝑛 and relatively prime to 𝑛 

𝜙(𝑛) = 𝑝1
𝑛1−1

 𝑝2
𝑛2−1

 𝑝3
𝑛3−1

… 𝑝𝑟
𝑛𝑟−1(𝑝1 − 1)(𝑝2 − 1) … (𝑝𝑟 − 1) 

𝜙(𝑛) = 𝑛 (1 −
1

𝑝1
) (1 −

1

𝑝2
) … (1 −

1

𝑝𝑟
) 

Properties 

• 𝜙(𝑛) is even ∀𝑛 > 2 

• 𝜙(𝑝) = 𝑝 − 1 

• 𝜙(𝑝𝑘) = 𝑝𝑘 − 𝑝𝑘−1 

• 𝜙(2𝑘) = 2𝑘−1 

• 𝜙(𝑛𝑘) = 𝑛𝑘−1𝜙(𝑛) 

• 𝜙(𝑚𝑛) = 𝜙(𝑚)𝜙(𝑛) iff gcd(𝑚, 𝑛) = 1 

• 𝜙(𝑚𝑛) = 𝜙(𝑚)𝜙(𝑛)
𝑑

𝜙(𝑑)
, where  𝑑 = gcd(𝑚, 𝑛) 

• If 𝑑1, 𝑑2, … , 𝑑𝑟  be divisors of 𝑛, then ∑ 𝜙(𝑑𝑖)𝑟
𝑖=1 = 𝑛 



 

 

• For 𝑚, 𝑛 ∈ ℕ such that 𝑚/𝑛 then 𝜙(𝑚)/𝜙(𝑛),  

Converse need not be true  

CONGUENCE 

Let 𝑛 be a fixed positive integer. Two integers 𝑎 and 𝑏 are said to be congruent modulo 𝑛, 

symbolized by  

𝑎 ≡ 𝑏(mod 𝑛) 

If 𝑛 divides the difference 𝑎 − 𝑏 

That is provided that 𝑎 − 𝑏 = 𝑘𝑛 for some integer 𝑘 

• When 𝑛 does not divides 𝑎 − 𝑏, we say that 𝑎 is incongruent to 𝑏 modulo 𝑛 

Result 

Every integer is congruent modulo 𝑛 to exactly one of the values 0,1,2, … , 𝑛 − 1 

In particular, 𝑎 ≡ 0(𝑚𝑜𝑑 𝑛) if and only if 𝑛/𝑎 

 

• The set of 𝑛 integers 0,1,2, … , 𝑛 − 1 is called the set of least  non negative residues 

modulo 𝑛 

• A collection of 𝑛 integers 𝑎1, 𝑎2, … , 𝑎𝑛 is said to form a complete set of residues 

modulo 𝑛 if every integer is congruent modulo 𝑛 to one and only one of the 𝑎𝑘 

 

Theorem  

For arbitrary integer 𝑎, 𝑏, 𝑎 ≡ 𝑏(𝑚𝑜𝑑 𝑛) if and only if 𝑎 and 𝑏 leave same non negative 

remainder when divided by 𝑛 

Results 

• 𝑎 ≡ 𝑎(𝑚𝑜𝑑 𝑛) 

• If 𝑎 ≡ 𝑏(𝑚𝑜𝑑 𝑛), then 𝑏 ≡ 𝑎(𝑚𝑜𝑑 𝑛) 

• If 𝑎 ≡ 𝑏(𝑚𝑜𝑑 𝑛) and 𝑏 ≡ 𝑐(𝑚𝑜𝑑 𝑛), then 𝑎 ≡ 𝑐(𝑚𝑜𝑑 𝑛) 

• If 𝑎 ≡ 𝑏(𝑚𝑜𝑑 𝑛) and 𝑐 ≡ 𝑑(𝑚𝑜𝑑 𝑛), then                                                 𝑎 + 𝑐 ≡ 𝑏 +

𝑑(𝑚𝑜𝑑 𝑛) and 𝑎𝑐 ≡ 𝑏𝑑(𝑚𝑜𝑑 𝑛) 

• If 𝑎 ≡ 𝑏(𝑚𝑜𝑑 𝑛), then 𝑎 + 𝑐 ≡ 𝑏 + 𝑐(𝑚𝑜𝑑 𝑛) and                𝑎𝑐 ≡ 𝑏𝑐(𝑚𝑜𝑑 𝑛) 

• If 𝑎 ≡ 𝑏(𝑚𝑜𝑑 𝑛), then 𝑎𝑘 ≡ 𝑏𝑘(𝑚𝑜𝑑 𝑛) 

• If 𝑐𝑎 ≡ 𝑐𝑏(𝑚𝑜𝑑 𝑛), then 𝑎 ≡ 𝑏 (𝑚𝑜𝑑
𝑛

𝑑
), where 𝑑 = 𝑔𝑐𝑑(𝑐, 𝑛) 

• If 𝑎𝑏 ≡ 0(𝑚𝑜𝑑 𝑛) and 𝑔𝑐𝑑(𝑎, 𝑛) = 1, then 𝑏 ≡ 0(𝑚𝑜𝑑 𝑛) 

• If 𝑎𝑏 ≡ 0(𝒎𝒐𝒅 𝒑), prime 𝒑, then either 𝒂 ≡ 𝟎(𝒎𝒐𝒅 𝒑) or 𝒃 ≡ 𝟎(𝒎𝒐𝒅 𝒑) 

• If 𝒄𝒂 ≡ 𝒄𝒃(𝒎𝒐𝒅 𝒑) and 𝒑 ∤ 𝒄, then 𝒂 ≡ 𝒃(𝒎𝒐𝒅 𝒑) 



 

 

Euler’s Theorem 

Let 𝒂, 𝒏 ∈ ℕ, 𝐠𝐜𝐝(𝒂, 𝒏) = 𝟏 then  

𝒂𝝓(𝒏) ≡ 𝟏 (𝒎𝒐𝒅 𝒏) 

Fermat’s Little Theorem  

Let 𝒂 ∈ ℕ and 𝒑 be a prime such that, 𝐠𝐜𝐝(𝒂, 𝒑) = 𝟏, then 

𝒂𝒑−𝟏 ≡ 𝟏 (𝒎𝒐𝒅 𝒑) 

Fermat’s Theorem  

Let 𝒂 ∈ ℕ and 𝒑 be a prime such that, 𝐠𝐜𝐝(𝒂, 𝒑) = 𝟏, then 

𝒂𝒑 ≡ 𝒂(𝒎𝒐𝒅 𝒑) 

Note 

• Primes of the form 2𝑝 − 1 where 𝑝 is prime are known as Mersenne primes  

• If 𝑝 and 𝑞 are distinct primes with 𝑎𝑝 ≡ 𝑎(𝑚𝑜𝑑 𝑞) and 𝑎𝑞 ≡ 𝑎(𝑚𝑜𝑑 𝑝), then 𝑎𝑝𝑞 ≡

𝑎(𝑚𝑜𝑑 𝑝𝑞) 

• Converse of Fermat’s theorem does not hold  

Pseudo Prime 

A composite number 𝑛 is called pseudo prime whenever 𝑛 ∕ 2𝑛 − 𝑛. 

• If 𝑛 is an odd pseudo prime, then 𝑀𝑛 = 2𝑛 − 1 is a larger one 

• An absolute pseudo prime is square-free  

Wilson’s Theorem 

Let 𝒏 ∈ ℕ and 𝒏 be a prime iff (𝒏 − 𝟏)! = (−𝟏)(𝒎𝒐𝒅 𝒏) 

Results  

 

• Unit digits of 2𝑛 = {

2,   𝑛 = 4𝑘 + 1
4,   𝑛 = 4𝑘 + 2
8,   𝑛 = 4𝑘 + 3
6,   𝑛 = 4𝑘 + 4

 

  This results can also be used to find the unit digits of 𝟒𝒏 and 𝟖𝒏 

• Unit digits of 3𝑛 = {

3,   𝑛 = 4𝑘 + 1
9,   𝑛 = 4𝑘 + 2
7,   𝑛 = 4𝑘 + 3
1,   𝑛 = 4𝑘 + 4

 

 



 

 

• Unit digits of 7𝑛 = {

7,   𝑛 = 4𝑘 + 1
9,   𝑛 = 4𝑘 + 2
3,   𝑛 = 4𝑘 + 3
1,   𝑛 = 4𝑘 + 4

 

Solution of Linear Congruence 

Let 𝒂, 𝒃, 𝒏 ∈ ℕ, then the linear congruence 𝒂𝒙 ≡ 𝒃 (𝒎𝒐𝒅 𝒏) has solution iff 𝐠𝐜𝐝(𝒂, 𝒏) 

divides 𝒃 

a) If 𝐠𝐜𝐝(𝒂, 𝒏) = 𝟏, then 𝒂𝒙 ≡ 𝒃 (𝒎𝒐𝒅 𝒏) has a unique solution, given by  

𝒙 ≡ 𝒃𝒂𝝓(𝒏)−𝟏(𝒎𝒐𝒅 𝒏) 

b) If 𝐠𝐜𝐝(𝒂, 𝒏) = 𝒅 > 𝟏, then 𝒂𝒙 ≡ 𝒃 (𝒎𝒐𝒅 𝒏) has 𝒅 incongruent solutions 

Chinese Reminder Theorem  

Let 𝒏𝟏 , 𝒏2, … , 𝒏𝒓 be positive integers such that 𝐠𝐜𝐝(𝒏𝒊, 𝒏𝒋) = 𝟏 for 𝒊 ≠ 𝒋. Then the system 

of linear congruence  

𝒙 ≡ 𝒂𝟏(𝒎𝒐𝒅 𝒏𝟏) 

𝒙 ≡ 𝒂𝟐(𝒎𝒐𝒅 𝒏𝟐) 

: 

𝒙 ≡ 𝒂𝒓(𝒎𝒐𝒅 𝒏𝒓) 

Has a unique solution modulo (𝒏𝟏𝒏𝟐 … 𝒏𝒓) 

 

Primitive root modulo 

Consider the multiplicative group (𝒁𝒑
∗ ,×𝒑). An element 𝒂 ∈ 𝒁𝒑

∗  is said to be a primitive root 

modulo 𝒑, if 𝒂 is a generator of this group or 

𝒂𝒑−𝟏 ≡ 𝟏(𝒎𝒐𝒅 𝒑) and 𝒂𝒌 ≢ 𝟏(𝒎𝒐𝒅 𝒑), 𝟏 < 𝒌 < 𝒑 − 𝟏 

• If 𝒂 is a primitive root modulo 𝒑, then other primitive root modulo 𝒑 are of the form 

𝒂𝒌, where 𝐠𝐜𝐝(𝒌, 𝒑 − 𝟏) = 𝟏 

Roots of unity  

𝑼𝒏 = {𝒛 ∈ ℂ, 𝒛𝒏 = 𝟏} is the set of all root of unity, 𝑼𝒏 is a cyclic group under usual 

multiplication. 

Also it is isomorphic to (𝒁𝒏, +𝒏) 

 

 



 

 

Primitive 𝒏𝒕𝒉 root of Unity  

The generators of 𝑼𝒏 are called Primitive 𝑛𝑡ℎ root of unity  

𝛼 = 𝑒
2𝜋𝑖

𝑛  is a generator of 𝑈𝑛  

• Other generators are 𝛼𝑘, gcd(𝑘, 𝑛) = 1 

• The number of primitive roots of unity is 𝜙(𝑛) 

Results 

Let 𝛼 = 𝑒
2𝜋𝑖

𝑛  

• 1 + 𝛼 + 𝛼2 + ⋯ + 𝛼𝑛 = 0 

• 1 ∙ 𝛼 ∙ 𝛼2 ∙∙∙ 𝛼𝑛 = (−1)𝑛+1 

• (1 − 𝛼)(1 − 𝛼2) … (1 − 𝛼𝑛−1) = 𝑛 

 

• The 𝑛𝑡ℎ roots of unity lie on the unit circle and they form a regular 𝑛-gon 

 

• The number of primitive roots of (−1) = number of primitive (2𝑛)𝑡ℎ roots of (1) 

 

 


