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320 A Tables of Fourier Series and Transform Properties

Table A.1 Properties of the continuous-time Fourier series

'S T/2
x(t) = Z C‘ke_’fksln', Cl = 7 f a‘(t)e_-'”“”"dt
k= —T/2

Periodic function x(t)
Property Fourier series Ck
with period T = 211/Q

T1r.ne? Crezjkato
shifting x(t * to)
Time x(at),a>0 Crwith period 5
scaling
Plfferentlat jkQCr
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Fa(t)
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Ca(t)dt < 0

Integration -« .klng
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Periodic _ | —
convolutio Cr =ReC_;,
n p
Re
Symmetry ImCx = -ImC-« ,
[ x(0)y(t — 0)do TCwCyp argCr= —argC-k
(Cp=C" ks |C |
Gk =C_ k
x(t) = x*(t) real ,Ck
t | C*,
x(¢t) = x*(t) = x(-t) real and even realandeven
x(t) = x*(t) = real and odd =-C_,,Ch=—
imaginary and od¢
Cx,
T/2 ' - ,
% J lz(t)|2dt = 3 |Cl?
Parseval’s theorem -T/2 k=—o0
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Table A.2 Properties of the continuous-time Fourier transform

oo o0

w X(jw) = /:r(t)e*iwtdta;(t):z_lnfX(jw)ejutd

— 00 — 0




Nonperiodic Fourier transform

Property function x(t) X(jw)
i exotX(jw)
Qhﬁtﬁﬁ'nk(t ct) _
ime scaling  x(at) ‘(]—”X ()
jwX (jw)
Differentiation
Integration
LX(jw) + TX(j0)S(w)
Jjw
X(50)
[ X(jw)dw
La(t) S oK)
t X* A
[ oa(t)dt (=)
> X(—jw)
f x(t)dt X (jw — juwo)
Frequency 1z (0) 237 X (jw) x Y (jw)
integration =t X (jw ) (Jw)
Linearity 2 aii(f) ) = X*(—ji
[ W J“’J) d
—— o* (¢ \X(Jw)l | X (—jw)|,
Conjugation (t) Re X (jw) = Re X (—jw)
Time reversal  x(-t) Im X (jw) = ImX( jw)
Modulation x(t)ejwot
Multiplication  x()y(t)
Convolution x(t) xy(t)
Symmet | argxi jw) =——argX-(—jw),
y ry g )

[ X(jw) = X(—jw)
x(t) = x*(t) real y

X(jo) = X (),

realandeven
x(t) = x(t) = x(-1) X(jw) = X(—jw)
—x(—t _ "
real and even LT( ) { X(jw) = - X*(jw),
x(t) = x(t) = ( )

real and odd

imaginaryandodd
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By, = [ |z(t)Pdt =& [ [X(jw)|*dw

— 00

Rayleigh’s theorem
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324 B Tables of Fourier Series and Transform of Basis Signals
Table B.1 The Fourier transform and series of basic signals
Signal x(¢) Transform X(jw) Series Ck
Jo=1,Crzo=0
1 2mé(w) . L
“k = T
6(t) 1
u(t) -
u(-t) —
ejar S+ mo(w) S1=1,Ckz1 =0
o
7k =i
k:z_x Cre ~75 +70(w) ok
cos {2 37!'5((4.) N Q) jl = C—l = %, CR‘;—‘j:l =10
sin Qf e E Cid(w — k) F1=-—C5 = % Crzy1 =0
" k=—oc
I B(w— Q) + 6w +Q)]  Le =
Rectangular (Fig. I:[a(w — Q) — 6w+ Q)] Asinten/q)
2.16¢) q kr/q
Triangular e—‘t!:ﬂ(' o /2) A sin?(kn/2q)
(Fig. 2.21a) AT=C0 24~ (kr/29)7
i Ar sin®(wr/4) A sin(kw/q) sin(kw/qs)
Tr:alpeZOIdal TT%_ g Fkn/g  kw/qs
(Fig. 2.30)
5 92 sin(wr. /2 A sin(k7/q) k(—"'
Ramp sritlpminns) o RS -]
(Fig. 2.34b)
A sin(kw/q) —jET
Ramp A {si]l(:a:}'g/?)ej“‘z—f _ 1] i2nk [1 - mk'n-/q" el ]
w wT
(Fig. 2.34c) ' _ -
sin ot . f ot ‘k| < brs
ol i 1— sm(w'r/?)efj%} T
jo | wt/2 lO, ‘k‘| > 37
e-au(t), I v <a .
Rea >0 0, |w\ >« yI'+52mk
—a T
te-atu(t), u-:'jw aTT o
Rea >0 '
1
(etjw)?
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Table B.1 The Fourier transform and series of basic signals (Contd.)

f” ! 7(11'
e Cully 1 i
R 0 ! (atjw)m (aT+j27k)"
ea >
2a 2aT
e-at, a > 0 a?4w? a2T24472k2
2 2
VT~ VT o~ Tk
€e-azt2 Te 4o mTe ot

Cx corresponds to x(t) repeated with period T, T and s are durations,Y = 7,
and% —

s

Table B.2 The Fourier transform and series of complex signals

Signal y(¢) Transform Y (jw) Series Ck
sin( 2) wNT/ 1 Dot sin(km/q2)
Burst of N () sin(wT7/2) g (J Tlr) sk /N gs)
pulses with
known 1) sin(wNT/2)
sin(wT/2) A sin(km/q) sin(kn/q2)
Rectangular n kw/qp  sin(kn/Ngs2)
pulse-burst
. 4) sin(wNT/2) ]
(Flg 247) T sin(wT/2) A_sirl‘z(kW/Q.';l] sin(kw/q2)
) 2q1 (kw/2q1)? sin(k7/Ngz)
Triangular

_sin(kw/q2) k| < aT
sin(kn /Ngz)? ' 2

[
Lo. k] >

pulse-burst

A
v,

Sinc-shaped
pulse-burst

Ckcorresponds to y(t) repeated with period T4, T is pulse duration, T is period
of pulse in the burst, T is period of pulse-bursts in the train, 9t = T—l, and
% = N,
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C Tables of Hilbert Transform and Properties Table C.1

Properties of the Hilbert transform

1] a0 L [
y(t) = - [ . td‘) y(t) = - ] rdg
Property Function y(t) Transform “y(t)
Filtering y(t) is constant y'(¢t) is zero
is real is real
is even (odd) is odd (even)
Causality Ify(¢t) Iiscausalwith
transform

Y(w =Y(w)+jYi(w)

then:

Yi(w)

fi(®) Yi(w)
Linearity Y, (w)
Time shifting - aifi(t)

T
) (t+86) ~

o aqyi(t)

(t+6
Time reversal 1(—t) -y'(-t)

i(at

/(—at)
Scaling ) y'(at)

~'(-at)

Multiple y(t) -y(t)

transform
H3y(¢) = H1y(¢)

Hy(t) = y(¢)

Hy(t) &F [+ sgn(w)]"Y (jw)
Differentiation dy(t) 4)(¢t)
de de
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b
f y(t)dt
Integration a ’ 0
aand ) are constants
Convolution yi(t) * y2(t)
Autocorrelation  y(t) * y(t) (1) * 32 ()
() = ()
1 7
g(t) + 5 [ y(t)de
Multiplication ty(t)
C Tables of Hilbert Transform and Properties 329

Table C.2 Useful relations between y(t) and its Hilbert transform “y(t)

Property Relation

[ y(t)y(t)dt =0
Orthogonality fx ) ()(t)

j. yl(t)?;fg(f)dt: f yl(t)uz(f)df
Integration oo y OIF

J n@w(t)dt= [ §i(6)gs(1)dt

J vode= [ P(t)dt

J ly@)R@)de = [ |a()Pde
Energy : —xx

[ uy(—0)dt = [ §(t)j(t—0)dt
Autocorrelation “ :

Table C.3 The Hilbert transform of analytic signals

Property Signal Transform
Analytic signal ya(t) = y(8) +jy"(t) —Jya(t) =y"(8) - jy(t)
Multiplication Va1 (€)yaz(£) —ya1(€)yaz(t)

= yAal (t)yaz (t)

= ya1(£)y az(t)
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Power” ! -
Real oroduct —Jyz (t)
eal produc
Re[yai(t)ya2(t)] Im[ya1(t)yaz(¢)]
Imaginary product 1 9, 0(] —Re[yar (O)ya2(6)]
Table C.4 Products of the analytic signals
Product Relation
Ya1(t)yaz(t) = Jy a1 (t)yaz(t) = jya1(t)y"az(t)
Y0ai(t)yaz(t) = ~Jya1(t)yaz(t) = yai(t)ya2(t)

C Tables of Hilbert Transform and Properties

Table C.5 The Hilbert transform of basic signals

Signal Transform
5(z) L
o (x) -1
cos T sin z
sinx —CcosT
cos(azx)J,(bx) [0 <b<d — sin(ax)J,, (bx)
T ,;;/2
ejx el
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=t [a>0) e [x>0] ol
ab—x? x(a+b)
(ab—z?)24a2{a+b)®  SIgN Xe-|x| e-|¥] Tab—z2)2+a%(a+b)?
5(3: - (1,) - 5(:}: + G‘-) %.L‘2EH2
- ny v—1 o;
0z —a)+d(x+a) 2 (%) || sign x
1 —aTr
= TR
sign x n® i(x)
[ —x [
~le™™ Ei (z) + e"Ei(—x
Even rectangular pulse u(x d (2) (—2)]
+7)-u(x-1) %[B_J:Ei(.’lf) — e Ei(—2)]
x|”"!  [0<Rev< 1] cot
x| ' signx [0<Rev< 1] - tan ¥ |x|'7!
— 00
i In x+T

Sawtoothpulse 1
Y- kD[ ux + )42 u@x) - u(x- )] "

0dd rectangular pulse
—u(x+ 1)+ 2u(x) -ulx-1)

Ramp pulse (1 - x)[u(x)
-u(x-1)]

Triangular pulse

A(t - |x])[ulx+ 1) - ulx - 1)]
D
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Limits:
. Slx) 1 Of(x)/Ox
> xh—ruré, glx) .lll}}; dg(a)/dw (L’Hospital's rule)
> lim 2L =1
r—0

sinx

> lim sin Nx N
x—0

oc o0
> [sinbzde = lim [ 2" !sinbede = Ka) gy an =1
] b 2| b
0 =l a=1

Trigonometric identities:

b e/ =cosx+ jsing (Euler’s formula)

e(@¥) = ex(cosx + j sinx)

elP4eI¥

[ COsr = 5

—e— iz

= i
> ST = 25

b coslr +sinfx=1

2, 2
> cos“r —sin®x = cos2x
> 2cosxsinaz = sin2r

(1 4 cos2x)

b=

b cos?x =
b sinz = 1(1 — cos2z)
b coszcosy = 3[cos (z +y) + cos (x — y)]

b sinzsiny = Lfcos (2 —y) — cos (z + y)]
D Mathematical Formulas
b sinzcosy = g[sin (2 4 y) + sin (z — y))

> cos(x+y) =coszcosy Fsinasiny
b sin(z+y) =sinxzcosy £ cosxsiny
> cosz+ cosy = 2cos TEL cos T

B> cosx—cosy:—?sin%lisinz—g‘i

> sinx +siny = 2sin%‘icos%3i
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b acosx+ bsine = rsin (2 4+ @) = rcos(z — 1),

r=+va2+b2, sinp=" cosp=" singp="

i
A rnaiy o — 1
[ s arcsmmar = T2
> Larccosr = ————
dax - 1—x2
d . o 1
> T arctanax = T2
d 1
> drarccot’ T T 1+a?

Hyperbolic identities:

> sinhz = —sinh(—xz) = £/ cosh®r — 1 =+ %(cosh 2r—1)= R

1,[) [e8

r— r—, COS =_r

—¢

2

x

> coshz = cosh(—z) = Vsinh®z 4+ 1 = \/3(cosh2z +1) = 2 cosh? 5 —

— e"te”?
1= 2
o — sinhx _ e"—e”"
> tanhz = coshz — e®+e—7®
_ cosha _ eT4e””
COthw ~ sinhx — e*—e~®

> cosh’z —sinh?z =1
> coshx +sinhx = e*

>  coshx —sinhx =e™*
Exponents:

€inx =X
T b
> oy =eY
Logarithms:
Inex=x

B> ln% =Inz —Iny
> Inoar=lha+lnz
> Inz*=alnzx

Extension to series:

D Mathematical Formulas

333
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. - 323 n m2n+1
>osine=a—F 4+ %5 — ...+ (D" Gy

2 4 26 2n
>ocosz=1— G+ — G+ (1) Gy

> e'ﬁ:l—k:ﬂ—l—%—l—%—}—...—}—%—l—...

. o .
> ejzcosd — Z j-n‘]n(z)e;,lnqé

n=-—oo
Series:
N-1
> "t = 1N T /
1—xz . .
n=0 =1 (by geometric progression)
N—1
> E ean 1—e*N
O = =g
n=>0 ©
- 1
>t =
n=0 -z 5 |X| <1
3 sin2(k:n:/q) w2 (g—1)
g .E,El T T

Indefinite integrals:
> [ f(z)g(x)de = f(z)g(x) — [ f(x)g'(x)dz
> [f@)de = [ fla@W)d' (v)dy [z =g(y

> [% =l

> [etdr =e” N
b [ade = &
> [sinzdr=—cosx

b [coszdr =sinz
D Mathematical Formulas

sin « sin cos T
> f x de = =R
oS T cos T sinx_

(integration by parts)

(change of variable)
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>

>

dx _ 1 x”
f z(ax"+b) T In T_H,|
f G2 de = 1. -
sin“zdr = —3sin2x + §

[cos®> xda = }sin2z + £

J e = e (5~ )

fwﬂe()/.l,dx:erx.l, (Iii%+%)

(a3

fx/\ea:rdm — ll./\ea.r A IIA—leamda:
a a

b2

[e-(az*+bato)qy = %\/Eeq—“ erf (m\/ﬁ + 2\1’/5)
[ Lle*rda = Bi(ax) [a# 0]

J e rde = /T ef(Vox) [a>0]

[ #dac = lIm[e/* Ei(z — ja)]

Definite integrals:
oo

>

sin o .
J #ede=n

sin _ T
[ ERetdy = Zsgna

oo

2
sin® ax N 7%
(Jf a2 dz = 2

o0 .4
sin” o __ T«
J Sedr =7

— 0

oo
b
J aZfx? 2a

o0
[z tsinbrde = —Féff) sin 4%
0

D Mathematical Formulas
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I 1
> Ufsm brdr = 3

o

> sarmde = f(cosa—1),
o

&
z is real
> %;%?dar = gesin(ab), a,b>0
— 00
Special functions:

X

’ 42
erfﬁ):ﬁfe "t

(Error function)
0
g)=— [ dt= [%d < 7 ¥ _
- z —0o0 Ei(
function) B 0]

(Exponential-integral

z) = € [;—l—ﬁo ;_LZdt] [z >
Ei( ‘ of( ?

. 0]

(Exponential-integral
function)

xr T

S(z) = 2= [sint?dt = [sin 2 g

Vo g 0 ? (Fresnel integral)
C(x) = %= [ cos t2dt = [ cos B2 dt

e of of ’ (Fresnel integral)

T
JR(Z) - % J e—j(nb‘—zsinﬁ)dg
-7

(Bessel function of the first kind)






